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Abstract: 

The object of research is composite structures with semi-rigidity ties, such as ribbed steel-
concrete and wood-concrete floors, and structures based on structural wood and wood-composite 
materials, which are widely used in industrial and civil building. As a rule, various types of mechanical 
ties are used as shear ties in composite structures. In calculations of such structures according to the 
classical method, the behaviour of shear ties is generally assumed to be linear-elastic. It does not make 
it possible to consider the real character of the deformation of the ties during shear force action. Method. 
The presented calculation algorithm is based on the solution of A.R. Rzhanitsyn for the differential 
equation for the two-layer composite rod. Separating the element into sections and set the boundary 
conditions at the borders of the sections, a system of linear equations can be obtained from which the 
values of the shear forces T and integral constants can be determined. This approach makes it possible 
to determine forces in the shear ties and normal stresses in the layers in any cross-section of the 
composite element. As an example, a two-layer composite beam is considered, the layers of which are 
connected by cylindrical nails, the deformation of which occurs according to non-linear behaviour. 
Results. It was concluded that the calculation according to the classical method, taking into account 
linear behaviour of ties, gives an error of up to 25% while the shear force in the ties determining and up 
to 111% when normal stresses in the layers of the composite beam were determining. Such errors do 
not make it possible to get a reliable estimation of the strength of materials and shear ties of the 
composite structure. 

1 Introduction 

A composite rod – is an element where a cross-section consists of several separated layers made 
of materials with the same or various properties. The cross-section of the rod, the individual layers of 
which are rigidly connected along the entire length, can be considered monolithic. If it is impossible to 
connect layers of rod rigidity, shear ties' semi-rigid behaviour should be considered in calculations. 
Composite rods made of wood, steel, and reinforced concrete are widely used as building structures. A 
prerequisite for the spread of composite rods is limited assortments of wood and metal profiles, making 
it necessary to connect several elements for the required size of cross-section obtaining. Wooden-
composite elements of floors [1]–[6], steel-reinforced concrete floors [7], including combination with 
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profiled steel decking, as well as combinations of elements of LVL and other materials [8], have become 
widespread in construction. 

 
Fig. 1 – The various types of composite structures: a – the composite wooden beam with bolts and 
toothed washers joints; b – the same, with metal-toothed plates; c – wood-concrete floor; d – steel-
reinforced concrete floor with steel profiled decking; d – is the same, without decking 

 
Several studies are devoted to the study of composite structures' behaviour. In [9], the fracture 

toughness of composite beams consisting of a combination of two different layers: self-compacting 
concrete (SCC) and engineering cement composites (ECC) – is investigated. The studies of steel-
reinforced concrete beams with dismountable connectors between slab and ribs are presented in [10]. 
Research [11] is devoted to improving the joints of floors, consisting of steel U-shaped profiles and 
reinforced concrete slabs using L–connectors. Research [12] develops a new steel-concrete-steel (SCS) 
sandwich beam with stiff hybrid ties, consisting of J-hooks and overlap-headed studs. In [13], a method 
of increasing the crack resistance of the most intense parts of steel-reinforced concrete floors under the 
influence of reversed bending moments, when the stretched zone is situated in a reinforced concrete 
slab, is investigated. In [14], the behaviour of wood-concrete beams with connections, presented as 
combined sheet piling slots and vertical nails for preventing the relative lateral displacement of the layers, 
is investigated. The paper [15] presents the investigations of increasing the strength and deformation 
characteristics of glued wooden beams with an I-beam cross-section due to reinforcement by polymer 
composite materials. In [16], the behaviour of aluminium-wood composite (ATC) beam structures is 
described. In the proposed ATC system, the wood board is connected to the aluminium beams with hex 
head screws. The paper [17] presents the results of a numerical analysis of vibrations of a multilayer 
composite beam (LCB) with transverse cracks during dynamic bending. In [18] vibration frequency of 
curvilinear fractured composite beams (CCC) under dynamic forces is considered. The article [19] 
analyzes a composite I-beam's behaviour, reinforced with polyurethane foam with the chopped fibreglass 
addition. The work [20] presents the studies of the deformation and fracture of hybrid composite sandwich 
beams with an aluminium foamed core under a quasi-static load and low-speed impact. The paper [21] 
is devoted to calculating composite beams' strength, deformability, and endurance. Thus, the composite 
rods, slabs, and systems of such elements are widely used in construction. 
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The most widespread method of calculating such structures is based on the theory of composite 
rods by A.R. Rzhanitsyn [22], based on shear ties' linear-elastic behaviour, evenly distributed along the 
length of the seam between the composite rod layers. 

In special cases of composite structures, some types of sheared connections, for example, wooden 
plate inserts, dowels, pins, and pads, have a fragile nature of destruction with insignificant deformations 
with an almost linear dependence on the magnitude of the shear force. Their significant cross-sectional 
dimensions do not create stress concentration into the penetration areas of wood, as a result of which 
the work of wood on crushing will also be close to linear. Such types of bonds refer to joints with a linear 
function of deformation on load. The above assumptions regarding the ties' linear-elastic behaviour do 
not introduce significant errors in calculating composite structures. In general, the behaviour of shear ties 
deformation is non-linear, which is caused by materials features. This is due to the non-linearity of 
crushing deformations of wood and concrete, the effect of creep, the behaviour of steel nails out the 
elastic phase of the deformation diagram. Thus, the classical methods for calculating such structures 
should be clarified, considering the above factors. 

The research object is composite bending elements. The subject of research is the shear ties of 
such structures. The purpose of the article is to design the mathematical model for such structures 
calculation, which considers the non-linear behaviour of shear ties. The research task is to calculate a 
two-layer composite wooden beam according to the obtained mathematical model to compare the exact 
and approximate calculations of such structure with the assumption of linearly elastic behaviour of the 
ties and identification of errors. 

2 Materials and Methods 

Connections of the composite element with flexible ties are divided into two types: longitudinal, 
which received shear forces, and transverse, which prevents the separation of the parts of the rod in the 
lateral direction (Figure 2). The main parameter of flexible ties is the relation between the deformations 
and the internal forces caused in the ties by such deformations. The ties' behaviour can be characterized 
by a stiffness coefficient equal to the ratio of the forces in the shear ties to the deformations corresponding 
to these forces. 

A numerical method is used. The method based on the real force–deformation curve of the ties by 
a piecewise–linear curve replacement. The solution method presented by using the two-layer composite 
rod as an example. Within the limits of the selected infinitely small area, a continuous distribution of 
bonds along the contact border's length is conditionally assumed. The assumption allows using the 
solution of the differential equation of the composite element presented in [22] to determine the 
distribution of shear forces. 

 
Fig. 2 – A fragment of a composite rod with flexible ties: a – longitudinal and transverse shear ties; 
b – distribution pattern of shear forces on a selected section of a composite rod of length dx 

 
The differential equation of a two-layer composite element, according to [22] has the form: 

''/T T = +   (1) 

where T is the shear force; ξ is the stiffness coefficient of shear ties; γ, Δ are coefficient and free term of 
the differential equation determined by formulas (2) and (3), respectively. 
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2

1 1 2 21/ 1/ /E F E F c EI = + +   (2) 

 
where E1, E2, F1, F2 are the elastic modulus and cross-sectional areas of the composite rod layers; c is 
the distance between the centres of gravity of the layers cross-sections; ΣEI is the total rod bending 
stiffnesses: ΣEI=E1I1+E2I2. 

( ) ( )0 0

1 1 1 2 2 2 0/ / /t N E A N E A M t c EI = − + −    (3) 

where N0
1, N0

2 are the longitudinal forces applied to the layers; М0(t) is the function of bending moment 
distribution on the considered part of the span. 

The forces between the shear ties are unevenly distributed in the composite elements. Thus, in the 
case of a non-linear dependence ξ(T) (where T is the shear force of a single tie), it is necessary to 
consider the change of stiffness coefficient value in the composite structure along the span. Therefore, 
in equation (1), the equality ξ=const cannot be assumed. The composite structure separates into n 
sections lj length along the span, where j is the section number (Fig. 3a). The boundaries of the sections 
are determined by the distances between the discrete ties with numbers i=1, 2 ..., n, n+1 (the number of 
sections is the same as the number of the left tie). The Σl value indicates the calculated span of the 

element, 
1

.
n

j

j

l l
=

 =  

The stiffness coefficient of shear ties within the sections is taken as uniformly distributed, equal to 
ξj(Ti=j)=C(T)/lj, where C(T) is the stiffness coefficient of a discrete tie, which determines the value of 
longitudinal displacement of the single tie from the preassigned load. 

 
Fig. 3 – The calculation scheme of a composite beam: a – the scheme of the separation of the 
composite element into sections; b – conditional and actual diagram of the shear forces 
distribution in ties along the length of the span 

 
The solution of the differential equation (1), taking into account (2) and (3), has the form: 

( ) ( )
0

( ) ( )

x

T x A sh x B ch x t sh x t dt


  


=  +  +   −  (4) 
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where A, B are the integration constants, depending on the boundary conditions; t additional coordinate 
along which the integration is performed; λ characteristic number; ξ stiffness coefficient of ties, reduced 
to linear. 

The right side of expression (4) is designated as a function Φj(xj), where j is the number of the 
corresponding section; xj is the coordinate, measured from the section reference point, from left to right, 
thus xj=0 in the beginning and xj=lj in the end of the section. The equalities of the shear forces at the 
boundaries of the sections can be used as boundary conditions: 

T1(l1) = T2(0), T2(l2) = T3(0), Tn-1(ln-1) = Tn(0) (5) 

In the same way, the equality of the concentrated shifts "Γ" at the boundaries of the sections along 
the border between composite rod layers is used.  Concentrated shifts «Γ» – are the differences in the 
displacements of the bottom fibres of the top rod up and the top fibres of the bottom rod ut, that is: 

( ) ( ) ' ( )'( )
Г

j j j j j j j j j jj j

j j

A ch x B sh x xT x    

 

 +  +
= =  (6) 

The system of equations for determining the shear forces along the span of the rod and integration 
constants, taking into account (4), (5), and (6), has the form: 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

11 1 1 1 1

1 21 1 1 1 1 1 1 1 1

n 1 1

n

                                    

 

                    

0 0 (0) (0)

( ) ( ) (0)

...

0 0 (0) (0) ( )

( ) ( )

l

l l

nn n n n n n

n n n n n n n n n

A sh B ch T

A sh l B ch l l T l T

A sh B ch T T l

A sh l B ch l l T l

 

 

 

 

− −

 +  + =

+ + = =

 +  + = =

+ + =
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2 2 2 2 2 2 2 2 2 2 3 3 3 3 2 3 3

2 3
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...

( ) 0 0 (0)
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A сh l B sh l l A ch B sh

A сh l B sh l l A ch B sh

A сh l

       

 

       

 

 − − −

+ +  +  +
=

+ +  +  +
=

( ) ( ) ( ) ( )' '

1 1 1 1 1 1 1

1

( ) 0 0 (0)n n n n n n n n n n n n

n n

B sh l l A ch B sh    

 

− − − − − − −

−



















 + +  +  +
 =


 (7) 

Taking into account the equalities sh(0)=0; ch(0)=1; Φj(0)=0, system of equations (7) can be 
reduced to the form: 
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( ) ( )

( ) ( )

( ) ( )
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 (8) 

 
Solution of (8) allows obtaining the values of the distribution function of shear forces at the section 

boundaries. The index number «lj» indicates the section number. Equations determine concentrated 
shear forces in discrete ties: 

11 1( );lT T l=     
2 12 2 1( ) ( );l lT T l T l= −     

1 1( ) ( ).
n nl ln n nT T l T l

− −= −  (9) 

If the distribution function of shear stresses intersects the inert line (τ=0), then the values of 
concentrated shear forces to the right of the intersection point are determined from expressions (10), due 
to the changing of direction of shear stresses: 

11 1( ) ( )
n nl ln n nT T l T l
−− −= −  (10) 

The diagram of shear forces distribution actually has drops, the character of the conditional and 

actual diagram of the shear forces distribution T is shown in Fig. 3b. 
It is necessary to set the boundary conditions at the rod's supports to solve the system of equations 

(7). For example, for a hinged-supported beam, equalities 
1 n n(0) ( ) 0l lT T l= =  can be used. The 

determination of the forces and stresses in the layers of the composite rod and the vertical displacements 
could be performed by common rules of structural mechanics after calculating the forces in the ties. 

In the case of a symmetrical scheme, the consideration of half of the span is enough. In this case, 
the length of the last section of the span should be taken equal to the distance from the boundary tie 
within the half-span to the middle of the calculating span. 

The calculation can be performed by a step method, taking into account the non-linear behaviour 
of ties.  

The load is applied by steps ΔN. The ties ξ=ξ(T) stiffness coefficient for the next stage of loading 
is specified using the forces' values in the ties at each stage of the calculation. The forces and stresses 
in the layers of a composite rod's connections are summarized at each calculation stage to obtain 
resultant total values. 

 

3 Results and Discussion 

For example, a composite wooden beam (Fig. 4, a), made of pine wood of strength class C22 
according to the standard of Russian Federation [23], is considered. Steel cylindrical dowels connect the 
layers of the beam, the deformation of which occurs according to a non-linear function ξ=ξ(T) (Fig. 4, b). 
The behaviour of the material is assumed to be linearly elastic. The following parameters are taken as 
initial data: design span: Σl = 3 m, cross-sectional dimensions of layers are 150×150 mm, the distance 
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between shear ties is 0.3 m. The uniformly distributed load q=7.5 kN/m loads the beam. Determination 
of the maximum normal stresses in the layers of a composite beam is required. 

According to the standard of Russian Federation [24], the calculated modulus of elasticity of wood 
for the limit states of the First calculations group is determined by the formula: 

, ПI

н дл E iE E m m=    (11) 

where En is the standard modulus of elasticity with the security of 0,95; ml,E is the duration coefficient for 
elastic properties, depending on the loading mode; Пmi is the product of conditions coefficients 
multiplication.  

3 36.7 10 1 1 6.7 10  MPa.IE =    =   

 
Fig. 4 – The calculation of a composite beam with flexible ties data: a – the scheme of the 
beam; b – the «shear load-deformation» (P–δ) diagram for single dowel 
 
The half–span of the beam is separated into 5 sections with lj length. The functional dependences 

of the distribution of bending moments along the length of the sections M(t) have the form: 
section k=1: 

2

1( )
2 2

l

qt l qt c
M t

EI

 
= − 

 
 (12) 

section k=2..5: 

1

21 1
1

1 1

( )
2 2 2

k

ik k
i

lk i i

i i

l t
q l qt c

M t l t q l t
EI

−

− −
=

= =

  
+    

  = + − + − 
   

  
  


   (13) 

Substituting expressions (12)-(16) into an integral part of the solution (4) after integrating the 
expressions, the functions Φj can be presented in the form: 

( )2 2 2

1 1 1 1 1 1 1 1 1 1

1 1 4

1

2 2
( )

2

cq x ch x l sh x lx
x

EI

     



− + −  +
 = −


 (14) 
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( )

1 1 1
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4 1
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2 2 2

( )

1 2 2

k k k

k k k i k i k k k i

i i ik
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− − −

= = =

−

=

  
+  − +  − −  

   = −
 

− + −  − 
 

  



 (15) 

and the derivatives of above functions (17)-(21): 

( )2 2 2

1 1 1 1 1 1 1 1 1 1'

1 1 4

1

2 2
( )

2

cq sh x l x lch x
x

EI
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 (17) 

The boundary conditions have form: 1(0) 0lT =  and 
'

5 5( ) 0.lT l =  The system of linear equations from 

solutions (4), according to (8) for the values of integral constants Ai and shear forces at the boundaries 

of the sections (0)liT and ( )li iT l  determination, has the form: 

( )

( ) ( ) ( )

( )
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11 1 1 1 1 1

1 1
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− − + +
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 +

= =



+ + =

 (18) 

The resulting system contains 10 equations and 10 unknowns. The stiffness coefficients of the ties 
are reduced to linear ones by the formula: 

( )
( )

i j

j i j

j

C T
T

l


=

= =  (19) 

The bending moment for one layer in the middle of the span, taking into account the forces in shear 
ties, is determined by the formula: 

5

0

1

i
I i

в I

M c T

M E I
E I

=

− 

= 



 

(20) 

where I – is the moment of inertia of cross-section of the considered layer; М0 – is the value of bending 
moment in the middle of the span of a composite beam due to the action of only an external load (without 
forces in the shear ties). 

The normal boundary stresses σx in the top and bottom fibres of the top layer are determined by 
the formula (21):  
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5

1
,1

1 12

i

i в в
x

T
M h

F I
 =

−


= 


 
(21) 

The normal boundary stresses σx in the top and bottom fibres of the bottom layer are determined 
by the formula (22): 

5

1
,2

2 22

i

i в в
x

T
M h

F I
 = 

= 


 
(22) 

 
The loading process is divided into ten steps. For the initial stage of loading, the ties' stiffness 

coefficient is taken equal to the tangent of an angle of tangent inclination, drawn through the initial point 
of the graph (Fig. 4b), to the abscissa axis (δ). At each stage of the calculation, the values of the forces 
in the ties Ti are determined by the formula (9). The values of the normal stresses in the top layer of the 
composite beam are determined by the formula (30) (since the dimensions and material of the layers are 
the same, the distribution of normal stresses in the bottom layer is mirror-symmetric). 

According to the obtained values, depending on the shear forces in the ties Ti, at the previous stage 
of the calculation, the coefficient of the bond stiffness is refined for the next stage as a function 
C(T)=P(T)/δ(T), where δ – is the linear deformation, determined from the graph in Fig. 4b. The linear 
stiffness coefficients ξ for each section are determined by the formula (19), and the system of equations 
(18) is solved with new stiffness data. The shear forces' values in the ties at the next stage of the 
calculation are taken equal to the sum of the efforts at the previous calculation stages. The resulting 
values of normal stresses are taken equal to the sums of stresses at each calculation stage. 

The calculation is performed in a linear formulation for two values of the shear coefficient stiffness, 
which is assumed to be constant to compare the results. In the first case of linear calculation, the ties' 
stiffness is taken equal to the tangent of an inclination angle of the tangent to the graph in Fig. 4b, drawn 
through the initial point. In the second case – the tangent of an inclination angle of the secant line, drawn 
through the curve's initial and final points (Fig. 4b), corresponding to the dowel joints' ultimate deformation 
standard of Russian Federation [24]. 

Fig. 5a shows the graphs of the shear forces' increase in the ties at each loading stage. Fig. 5.b is 
shown normal stresses in the top and bottom fibres of the top layer of the composite beam. 

Fig. 5a presents that the curves of the forces of the ties T1, T2, and T3 are concavity inward, the 
curves of the forces T4 and T5 are outward. Thus, there is a slight redistribution of forces between the 
ties near the support sections and in the span from stage to stage of loading. The maximum shear force 
in the tie T1 is 9 kN, obtained by non-linear calculation, and 11,22 kN – with a linear one, using the «initial» 
stiffness coefficient (25% more), which exceeds the maximum permissible load for the first tie according 
to Fig. 4, b. Thus, an erroneous decision may be made about the need to increase the number of joints near the 

supports or reduce the spacing when calculating such a beam, although in reality this need does not arise. Taking 
into account the "secant" coefficient of the stiffness of the joints, the forces in the beams do not exceed 62% of the 
maximum permissible value, however, in this case, estimated values of the normal stresses in the branches of the 
composite element are overstated. 
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Fig. 5 – Graphs of dependence: a – shear force values in ties Ti at each loading step; b – normal 
stresses σx in the top and bottom fibres of the top layer 

 
In general, it can be concluded that the stiffness coefficient for more loaded ties near the supports 

decreases faster than for ties in the middle of the span, what negatively affects the behaviour of the entire 
structure because the rate of values changes of normal stresses in the layers with a constant step of 
external load Δq application increase with each stage of loading, what can be judged by the saliences 
inside the graphs of changes in normal stresses in Fig. 5, b. 

The stress values turned out to be underestimated by 6% for the compressed fibres and out to be 
underestimated by 29% for the stretched fibres in the case of using the «initial» value of the bond stiffness 
in the calculation. The secant stiffness coefficient calculation causes an excess of the normal stresses 
by 23% and 111% for the layer's compressed and stretched fibres, respectively. Thus, the use of linear 
values of the stiffness coefficient does not allow to obtain reliable values of normal stresses for the 
strength of the material of the composite element estimation layers. The most significant difference 
occurs for fibres near the boundary between the layers of the composite beam. 

4 Conclusions 

1. A mathematical model that allows calculating two-layer composite rods, considering the non-
linear behaviour of semi-rigid shear ties, has been compiled. An irregular arrangement of connections 
and using idealized diagrams of connections deformation (described according to the Prandtl diagram, 
for example) can also be considered. 

2. The calculation of the composite beam was carried out by the step method. The values of the 
forces of the ties and the normal stresses in the top layer fibres were determined. It has been obtained 
that the use of linear diagrams of the shear ties deformation, in this case, can lead to significant 
calculation errors (up to 111%) and do not allow to estimate the strength of the structure objectively. 

3. The issues of composite rods calculating with non-linear strain behaviour by deformations, taking 
into account the effect of creep of joints and non-linear distribution of stresses in the layers of a composite 
rod, are undoubted of particular interest and deserve separate consideration. 
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